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In a recent paper [6], Mesiar and Ouyang proved the following Chebyshev type inequalities for Sugeno integrals:
Theorem 1.1. Let f ; g 2FþðXÞ and l be an arbitrary fuzzy measure such that ðSÞ
R
A f dl and ðSÞ
R
A g dl are ﬁnite. Let
H : ½0;1Þ2 ! ½0;1Þ be continuous and nondecreasing in both arguments and bounded from above by minimum. If f ; g are
comonotone, then the inequalityðSÞ
Z
A
f H g dlP ðSÞ
Z
A
f dl
 
H ðSÞ
Z
A
g dl
 
ð1:1Þholds.
It is known thatðSÞ
Z
A
fHgdl 6 ðSÞ
Z
A
f dl
 
H ðSÞ
Z
A
g dl
 
ð1:2Þwhere f ; g are comonotone functions whenever HPmax (for a similar result, see [10]), it is of great interest to determine
the operator H such thatðSÞ
Z
A
fHgdl ¼ ðSÞ
Z
A
f dl
 
H ðSÞ
Z
A
g dl
 
ð1:3Þ. All rights reserved.
Agahi), mesiar@math.sk (R. Mesiar), oyy@hutc.zj.cn (Y. Ouyang).
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Ouyang and Mesiar [11] proved that there are only 18 operators such that (1.3) holds, including the four well-known oper-
ators: minimum, maximum, PF (called the ﬁrst projection, PF for short, if xHy ¼ x for each pair ðx; yÞ) and PL (called the last
projection, PL for short, if xHy ¼ y for each pair ðx; yÞ).
Recently, Agahi and Yaghoobi [1] proved a Minkowski type inequality for monotone functions and arbitrary fuzzy mea-
sure-based Sugeno integrals on real line, and then Agahi et al. [2] further generalized it to comonotone functions and arbi-
trary fuzzy measure-base Sugeno integral on an arbitrary measurable space.
Theorem 1.2. Let f ; g 2FþðXÞ and l be an arbitrary fuzzy measure such that ðSÞ
R
AðfHgÞdl is ﬁnite. Let H : ½0;1Þ2 ! ½0;1Þ be
continuous and nondecreasing in both arguments and bounded from below by maximum. If f ; g are comonotone, then the
inequalityðSÞ
Z
A
ðfHgÞs dl
 1
s
6 ðSÞ
Z
A
f s dl
 1
s
H ðSÞ
Z
A
gs dl
 1
s
ð1:4Þholds for all 0 < s <1.
Also, Ouyang et al. in [9], motivated by Agahi et al. [2], proved an inequality related to (1.4) where the obtained inequality
can also be seen as a generalization of Chebyshev inequality for Sugeno integral [6].
Theorem 1.3. Let f ; g 2FþðXÞ and l be an arbitrary fuzzy measure such that both ðSÞ
R
A f
s dl and ðSÞ RA gs dl are ﬁnite. And let
H : ½0;1Þ2 ! ½0;1Þ be continuous and nondecreasing in both arguments and bounded from above by minimum. If f ; g are
comonotone, then the inequalityðSÞ
Z
A
ðfHgÞs dl
 1
s
P ðSÞ
Z
A
f s dl
 1
s
H ðSÞ
Z
A
gs dl
 1
s
ð1:5Þholds for all 0 < s <1.
The aim of this contribution is the discussion of new frameworks of Chebyshev type inequalities for Sugeno integrals on
abstract spaces. In general, any integral inequality can be a very strong tool for applications. In particular, when we think an
integral operator as a predictive tool then an integral inequality can be very important in measuring and dimensioning such
processes.
The paper is organized as follows. In Section 2, we brieﬂy recall some preliminaries and summarization of some known
results. In Section 3, we will focus on new general extensions of Chebyshev type inequalities for Sugeno integrals on abstract
spaces. Finally, a conclusion is given.
2. Preliminaries
We follow the notation used in [2,11,12] and we refer the reader to [14,17,18] for details on the fuzzy measure and Su-
geno integrals. For completeness, we recall some basic deﬁnitions and previous results which will be used in the sequel.
As usual we denote by R the set of real numbers. Let X be a non-empty set,F be a r-algebra of subsets of X. Let N denote
the set of all positive integers and Rþ denote ½0;þ1. Throughout this paper, we ﬁx the measurable space ðX;FÞ, and all con-
sidered subsets are supposed to belong to F.
Deﬁnition 2.1 (Ralescu and Adams [14]). A set function l :F! Rþ is called a fuzzy measure if the following properties are
satisﬁed:
(FM1) lð;Þ ¼ 0;
(FM2) A  B implies lðAÞ 6 lðBÞ;
(FM3) A1  A2     implies lð
S1
n¼1AnÞ ¼ limn!1lðAnÞ; and
(FM4) A1  A2    , and lðA1Þ < þ1 imply lð
T1
n¼1AnÞ ¼ limn!1lðAnÞ.
When l is a fuzzy measure, the triple ðX;F;lÞ then is called a fuzzy measure space.
Let ðX;F;lÞ be a fuzzy measure space, by FþðXÞ we denote the set of all non-negative measurable functions
f : X ) ½0;1Þ with respect toF. In what follows, all considered functions belong toFþðXÞ. Let f be a non-negative real-val-
ued function deﬁned on X, we will denote the set fx 2 Xjf ðxÞP ag by Fa for aP 0. Clearly, Fa is nonincreasing with respect to
a, i.e., a 6 b implies FakFb.
Deﬁnition 2.2 (Pap [13], Sugeno [17] and Wang and Klir [18]). Let ðX;F;lÞ be a fuzzy measure space and A 2F, the Sugeno
integral of f on A, with respect to the fuzzy measure l, is deﬁned asðSÞ
Z
A
f dl ¼
_
aP0
ða ^ lðA \ FaÞÞ
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Z
X
f dl ¼ ðSÞ
Z
f dl ¼
_
aP0
ða ^ lðFaÞÞIt is well known that Sugeno integral is a type of nonlinear integral [5]. That is, for general case,ðSÞ
Z
ðaf þ bgÞdl ¼ aðSÞ
Z
f dlþ bðSÞ
Z
g dldoes not hold. Some basic properties of Sugeno integral are summarized in [13,18], we cite some of them in the next
theorem.
Theorem 2.3 (Pap [13] and Wang and Klir [18]). Let ðX;F;lÞ be a fuzzy measure space, then
(i) lðA \ FaÞP a) ðSÞ
R
A f dlP a;
(ii) lðA \ FaÞ 6 a) ðSÞ
R
A f dl 6 a;
(iii) ðSÞ RA f dl < a() there exists c < a such that lðA \ FcÞ < a;
(iv) ðSÞ RA f dl > a iff there exists c > a such that lðA \ FcÞ > a;
(v) If lðAÞ <1, then lðA \ FaÞP a() ðSÞ
R
A f dlP a;
(vi) If f 6 g, then ðSÞ R f dl 6 ðSÞ R g dl.
In [7], Ouyang and Fang proved the following result which generalized the corresponding one in [15].
Lemma 2.4. Let m be the Lebesgue measure on R and let f : ½0;1Þ ! ½0;1Þ be a nonincreasing function. If ðSÞ R a0 f dm ¼ p, then
f ðpÞP ðSÞ
Z a
0
f dm ¼ pfor all aP 0, where f ðpÞ ¼ limx!p f ðxÞ.
Moreover, if p < a and f is continuous at p, then f ðpÞ ¼ f ðpÞ ¼ p.
Notice that if m is the Lebesgue measure and f is nonincreasing, then f ðpÞP p implies ðSÞ R a0 f dmP p for any aP p. In
fact, the monotonicity of f and the fact f ðpÞP p imply that ½0; pÞ  Fp. Thus,mð½0; a \ FpÞP mð½0; a \ ½0; pÞÞ ¼ mð½0; pÞÞ ¼ p.
Now, by Theorem 2.3(i), we have ðSÞ R a0 f dmP p.
Based on Lemma 2.4, Ouyang et al. proved some Chebyshev type inequalities [8] and their united form [6] (i.e., Theorem
1.1 in this paper). Notice that when proving these theorems, the following lemma, which is derived from the transformation
theorem for Sugeno integrals (see [18]), plays a fundamental role.
Lemma 2.5. Let ðSÞ RA f dl ¼ p. Then 8r P p, ðSÞ RA f dl ¼ ðSÞ R r0 lðA \ FaÞdm, where m is the Lebesgue measure.
In this contribution, we will prove new general extensions of Chebyshev type inequalities for the Sugeno integral of
comonotone functions. Recall that two functions f ; g : X ! R are said to be comonotone if for all ðx; yÞ 2 X2,
ðf ðxÞ  f ðyÞÞðgðxÞ  gðyÞÞP 0. Clearly, if f and g are comonotone, then for all non-negative real numbers p; q either
Fp  Gq or Gq  Fp. Indeed, if this assertion does not hold, then there are x 2 Fp n Gq and y 2 Gq n Fp. That is,f ðxÞP p; gðxÞ < q and f ðyÞ < p; gðyÞP q
and hence ðf ðxÞ  f ðyÞÞðgðxÞ  gðyÞÞ < 0, contradicts with the comonotonicity of f and g. Notice that comonotone functions
can be deﬁned on any abstract space. It is well known that Sugeno integral is comonotone maxitive (cf. [3]), i.e., if f and g
are comonotone thenðSÞ
Z
A
f _ g dl ¼ ðSÞ
Z
A
f dl
 
_ ðSÞ
Z
A
g dl
 Notice that inequality (1.1) together with the monotonicity of Sugeno integral (Theorem 2.3(vi)) imply thatðSÞ
Z
A
f ^ g dl ¼ ðSÞ
Z
A
f dl
 
^ ðSÞ
Z
A
g dl
 That is, Sugeno integral also has the comonotone minitive property (cf. [6]).
Now, we give the following deﬁnition which will be used later.
Deﬁnition 2.6 ([16,17]). A fuzzy measure l :F! ½0;1 is said to be maxitive, if, for every pair A and B in F,
lðA [ BÞ ¼ lðAÞ _ lðBÞIt is well known that l :F! ½0;1 is minitive, if, for every pair A and B in F,lðA \ BÞ ¼ lðAÞ ^ lðBÞ:
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In this section, we provide new frameworks of Chebyshev type inequalities for the Sugeno integrals. In [11], we have ob-
tained the extension for the particular case when s ¼ 1. Now, we state the main result of this paper.
Theorem 3.1. Let f ; g 2FþðXÞ and l be an arbitrary fuzzy measure such that both ðSÞ
R
Auðf Þdl and ðSÞ
R
AuðgÞdl are ﬁnite.
And let H : ½0;1Þ2 ! ½0;1Þ be continuous and nondecreasing in both arguments and bounded from above by minimum and
u : ½0;1Þ ! ½0;1Þ be a continuous and strictly increasing function. If f ; g are comonotone, then the inequalityu1 ðSÞ
Z
A
u fHgð Þdl
 
P u1 ðSÞ
Z
A
u fð Þdl
 
H u1 ðSÞ
Z
A
u gð Þdl
 
ð3:1Þholds.
Proof. Let ðSÞ RAuðf Þdl ¼ p <1 and ððSÞ RAuðgÞdlÞ ¼ q <1. Theorem 2.3(v) implies that
ðSÞ
Z
A
uðf Þdl ¼ p) lðA \ fuðf ÞP pgÞP p) lðA \ Fu1ðpÞÞP p ð3:2Þ
ðSÞ
Z
A
uðgÞdl ¼ q) lðA \ fuðgÞP qgÞP q) lðA \ Gu1ðqÞÞP q ð3:3Þwhere Fa ¼ fxjf ðxÞP ag and Ga ¼ fxjgðxÞP ag. Since H : ½0;1Þ2 ! ½0;1Þ is continuous and nondecreasing in both argu-
ments and bounded from above by minimum and u : ½0;1Þ ! ½0;1Þ is a continuous and strictly increasing function, there
holdsu1ðminfp; qgÞ ¼minfu1ðqÞ;u1ðpÞgP u1ðpÞHu1ðqÞ
Thenminfp; qgP uðu1ðpÞHu1ðqÞÞ ð3:4Þ
Therefore (3.2)–(3.4) imply thatlðA \ Hu1ðpÞHu1ðqÞÞP lðA \ ðFu1ðpÞ \ Gu1ðqÞÞÞ ¼minflðA \ Fu1ðpÞÞ;lðA \ Gu1ðqÞÞgPminfp; qg
P uðu1ðpÞHu1ðqÞÞwhere Ha ¼ fxjf ðxÞHgðxÞP ag. Denote Ca ¼ fxjuðf ðxÞHgðxÞÞP ag, then
lðA \ Cuðu1ðpÞHu1ðqÞÞÞ ¼ lðA \ Hu1ðpÞHu1ðqÞÞP uðu1ðpÞHu1ðqÞÞ ð3:5Þand, consequently, from (3.5) and Theorem 2.3(i) we obtain:ðSÞ
Z
A
uðfHgÞdlP uðu1ðpÞHu1ðqÞÞ ) u1 ðSÞ
Z
A
uðfHgÞdl
 
P u1ðpÞHu1ðqÞThis completes the proof. h
Remark 3.2. If we take uðxÞ ¼ x and uðxÞ ¼ xs for s > 0 in Theorem 3.1, respectively, then inequality (1.1) and (1.5) are
recaptured.
Remark 3.3. Let ðSÞ RAuðf Þdl ¼ p and ðSÞ RAuðgÞdl ¼ q, and let c Pmaxðp; q;u1ðpÞ;u1ðqÞÞ. Then the requirement of
Hj½0;c2 6 min is enough to ensure the validity of Theorem 3.1. If H ¼min, then inequality (3.1) remains true when
ðSÞ RAuðf Þdl and/or ðSÞ RAuðgÞdl are/is ﬁnite. Therefore, inequality (3.1) together with the monotonicity of Sugeno integral
(Theorem 2.3(vi)) imply thatu1 ðSÞ
Z
A
uðf ^ gÞdl
 
¼ u1 ðSÞ
Z
A
uðf Þdl
 
^u1 ðSÞ
Z
A
uðf Þdl
 This property is also equivalent to comonotone minitivity.
Remark 3.4. Let H be continuous and nondecreasing. If Hj½0;12 is a triangular subnorm [4], then inequality (3.1) works for
any comonotone functions f ; g with ðSÞ RAuðf Þdl 6 1 and ðSÞ RAuðgÞdl 6 1. Assume H ¼  with f ; g taking values in
½0;1 and u ¼ ðÞs. Then, inequality (3.1) is a Hölder type inequality.
Remark 3.5. If l is minitive in Theorem 3.1, then inequality (3.1) holds even when f ; g are not comonotone.
We can use the same examples in [6] to show the necessities of H 6 min and the comonotonicity of f ; g , and so we omit
them here.
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Corollary 3.6. Let f1; f2; . . . ; fn be such that any two of them are comonotone and be as in 3.1. Thenu1 ðSÞ
Z
A
uðð   ððf1Hf2Þf3Þ   ÞHfnÞdl
 
P    u1 ðSÞ
Z
A
uðf1Þdl
 
Hu1 ðSÞ
Z
A
uðf2Þdl
  
H   
 
Hu1 ðSÞ
Z
A
uðfnÞdl
  Proof. The proof is similar to that of Corollary 3.8 in [9]. h
Now, using the Lemmas 2.4 and 2.5 we obtain the following result.
Theorem 3.7. Let f ; g 2FþðXÞ and l be an arbitrary fuzzy measure such that ðSÞ
R
AuðfHgÞdl is ﬁnite. And let
H : ½0;1Þ2 ! ½0;1Þ be continuous and nondecreasing in both arguments and bounded from below by maximum and
u : ½0;1Þ ! ½0;1Þ be a continuous and strictly increasing function. If f ; g are comonotone, then the inequalityu1 ðSÞ
Z
A
uðfHgÞdl
 
6 u1 ðSÞ
Z
A
uðf Þdl
 
Hu1 ðSÞ
Z
A
uðgÞdl
 
ð3:6Þholds.
Proof. Without loss of generality, we can assume that both ðSÞ RAuðf Þdl and ðSÞ RAuðgÞdl are ﬁnite. Let
u1 ðSÞ RAuðf Þdl  ¼ a; u1 ðSÞ RAuðgÞdl  ¼ b and r be a sufﬁcient large number. Denote AðaÞ ¼ lðA \ fxjuðf ÞðxÞP
agÞ; BðaÞ ¼ lðA \ fxjuðgÞðxÞP agÞ and CðaÞ ¼ lðA \ fxjuðfHgÞðxÞP agÞ. By Lemma 2.5 we haveðSÞ
Z
A
uðf Þdl ¼ ðSÞ
Z r
0
AðaÞdm ¼ uðaÞand Z Z
ðSÞ
A
uðgÞdl ¼ ðSÞ
r
0
BðaÞdm ¼ uðbÞNow, for arbitrary e > 0, we have AðuðaÞ þ eÞ 6 uðaÞ and BðuðbÞ þ eÞ 6 uðbÞ, that is,
lðA \ fxjf ðxÞP u1ðuðaÞ þ eÞgÞ 6 uðaÞandlðA \ fxjgðxÞP u1ðuðbÞ þ eÞgÞ 6 uðbÞ
Also,u1ðmaxfuðaÞ;uðbÞgÞ ¼maxfu1ðuðaÞÞ;u1ðuðbÞÞg ¼maxfa; bg 6 aHb
ThenmaxfuðaÞ;uðbÞg 6 uðaHbÞ
Hence, by the monotonicity of H and the comonotonicity of f ; g, there holdslðA \ fxjfHg P u1ðuðaÞ þ eÞHu1ðuðbÞ þ eÞgÞ 6 lðA \ ðFu1ðuðaÞþeÞ [ Gu1ðuðbÞþeÞÞÞ
¼maxflðA \ Fu1ðuðaÞþeÞÞ;lðA \ Gu1ðuðbÞþeÞÞg
¼maxfAðuðaÞ þ eÞ;BðuðbÞ þ eÞg 6 maxfuðaÞ;uðbÞg 6 uðaHbÞLetting e! 0, by the continuity of H we have lðA \ HðaHbÞþÞ 6 uðaHbÞ and hence CðuðaHbÞþÞ 6 uðaHbÞ, where Ha ¼
fxjðfHgÞðxÞP ag. Therefore,lðA \ fxjuðfHgÞðxÞP uðaHbÞþgÞ 6 uðaHbÞ
So,u1 ðSÞ
Z
A
uðfHgÞdl
 
6 aHb ¼ u1 ðSÞ
Z
A
uðf Þdl
 
Hu1 ðSÞ
Z
A
uðgÞdl
 and the proof is completed. h
Remark 3.8. If we take uðxÞ ¼ x and uðxÞ ¼ xs for s > 0 in Theorem 3.7, respectively, then inequality (1.2) and (1.4) are
recaptured.
Remark 3.9. Let ðSÞ RAuðfHgÞdl ¼ r and let c 6minðr;u1ðrÞÞ. Then the requirement of Hj½0;c2 Pmax is enough to ensure
the validity of Theorem 3.7. If H ¼ max, then inequality (3.6) remains true when ðSÞ RAuðfHgÞdl is inﬁnite. Therefore,
inequality (3.6) together with the monotonicity of Sugeno integral (Theorem 2.3(vi)) imply that
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Z
A
uðf _ gÞdl
 
¼ u1 ðSÞ
Z
A
uðf Þdl
 
_u1 ðSÞ
Z
A
uðgÞdl
 This property is equivalent to the comonotone maxitivity of Sugeno integral.
Remark 3.10. If l is maxitive in Theorem 3.7, then inequality (3.6) holds even when f ; g are not comonotone.
We can use the same examples in [2] to show the necessities of HPmax and the comonotonicity of f ; g, and so we omit
them here.
The following result is easy to obtain.
Corollary 3.11. Let f1; f2; . . . ; fn be such that any two of them are comonotone and be as in 3.7. Thenu1 ðSÞ
Z
A
uðð   ððf1Hf2ÞHf3Þ   ÞHfnÞdl
 
6    u1 ðSÞ
Z
A
uðf1Þdl
 
Hu1 ðSÞ
Z
A
uðf2Þdl
  
H   
 
Hu1 ðSÞ
Z
A
uðfnÞdl
  Proof. The proof is similar to that of Corollary 3.8 in [2]. h
Combining (3.1) and (3.6), one will ﬁnd it is of interest to examine the operations H such thatu1 ðSÞ
Z
A
uðfHgÞdl
 
¼ u1 ðSÞ
Z
A
uðf Þdl
 
Hu1 ðSÞ
Z
A
uðgÞdl
 
ð3:7Þfor any fuzzy measure space ðX;F;lÞ and any measurable set A, and for any comonotone functions f ; g : X ! ½0;1Þ. We
have the following result.
Theorem 3.12. Eq. (3.7) holds for any fuzzy measure space ðX;F;lÞ and any measurable set A, and for any comonotone functions
f ; g : X ! ½0;1Þ if and only if H belongs to one of the 18 operators in [11].
Proof. The proof is similar to that of [11]. (For H 2 fmin;max; PF; PLg, it sufﬁces to note that uðfHgÞ ¼ uðf ÞHuðgÞ holds,
then (3.7) can be proven by using (1.3). For other 14 operators, the proofs are similar to that of [11].) h4. Conclusion
We have introduced new general extensions of Chebyshev type inequalities for Sugeno integrals on abstract spaces.
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